Wildlife corridors are often used to connect critical habitat for species protection. Mixed integer programming models have been used in the past to create wildlife corridors, but they lack the capacity to control corridor geometry. We propose an approach that employs path planning techniques from artificial intelligence to account for and control corridor geometry, such as width and length. By combining path planning with network optimization, our approach allows the user to control and optimize the geometric characteristics of wildlife corridors. We illustrate our approach on two realistic landscapes and present numerical results on several computer-generated landscapes. The computational results indicate that this approach is efficient and can address problems controlling corridor geometry that were previously thought intractable. The approach has potential applications in such areas as the selection of routes or barrier construction problems, an example of which is fire break design.
Overview of the Optimal Corridor Construction Approach
We introduce the Optimal Corridor Construction Approach (OCCA) that allows analysts to create optimally connected reserves by explicitly controlling geometric characteristics on a landscape of any spatial configuration. We demonstrate the OCCA by controlling the width and length of a wildlife corridor. The concepts and the framework can be applied beyond wildlife corridors.
The approach involves five steps, as outlined in Table 1 . First, the corridor objectives and constraints are to be defined (Step 1). For example, analysts may wish to find the minimum-length corridor that satisfies a minimum width requirement. Alternatively, they may want to maximize the width of the corridor while limiting the length. In Step 2, the building blocks of the corridor, called polygons, must be defined. Polygons consist of one or more contiguous parcels. For more detail, see Section 5.2.
In
Step 3, the polygons are used to create a new graphical interpretation of the landscape (see Figure 3 for an example). Instead of defining parcels as nodes and adjacencies between parcels as edges, the nodes now represent transitions between polygons called gates, and edges represent optimal routes (for example, the route of maximal width or minimal length) through polygons from one gate to the next. St John, Tóth, and Zabinsky: Optimizing the geometry of wildlife corridors in conservation reserve design 10 Article submitted to Operations Research; manuscript no. tbd Table 1 Proposed approach.
The Optimal Corridor Construction Approach 1. Specify corridor objectives and constraints 2. Select eligible polygons for corridor construction 3. Find gate pairs for each triplet of non-overlapping contiguous polygons 4. For each triplet and each of its gate pairs, find the optimal route and associated width and length 5. Create and solve an optimization problem for optimal corridor construction In
Step 4, path planning techniques (Demyen 2007) are applied to calculate the geometric characteristics of the routes between gates to be used as edge weights in the graph (Fig. 3 ). This step involves solving a computationally trivial optimization problem for each triplet of polygons.
Finally,
Step 5 solves a network flow model on the new graph to generate the optimal corridor on the landscape. Each step of the approach is described in detail in Section 5.
The OCCA allows analysts to obtain a set of parcels from the landscape that form a corridor of maximum width subject to length restrictions, or of minimum length subject to minimum allowable width constraints. This novel integration of path planning techniques and mathematical programming allows for control over geometric aspects (such as path width, length, steepness, angle) that were previously beyond the capacity of spatial optimization.
Methodology of the Optimal Corridor Construction Approach Terminology
For consistency, upper case letters denote sets, objective function values and bounds, while lower case letters denote decision variables, and objective-and constraint coefficients. We consider a landscape Ω that is composed of a set of polygons. A polygon may consist of a single parcel, or a cluster of contiguous parcels. Let V = {v i } be the set of vertices on the Cartesian plane, and
an edge e = (v i , v j ) be a straight, closed line segment connecting two vertices. A polygon p is a continuous region enclosed by a set of at least three edges ε(p) = {e} which we call the boundary of p. Every edge e ∈ ε(p) shares each endpoint with exactly one other edge in ε(p) and does not intersect any other edge in ε(p). In this study, we consider polygons with holes. Let p s be a polygon, and let p 0 , . . . , p k be a set of non-intersecting polygons within the boundary of p s . Then, the polygon
Two polygons p i and p j are adjacent if they are non-overlapping and ε(p i ) ∩ ε(p j ) = ∅. A vertex, edge or polygon a is contained
In this study we consider only contiguous landscapes, that is, landscapes such that Ω = n i=0 p i is a polygon. Given a landscape Ω, a corridor C = (p 0 , p 1 , . . . , p ω ) is a sequence of non-overlapping polygons in Ω where p i , p i+1 are adjacent for all i < ω, and polygons p 0 , p ω represent the pre-existing reserves or specific landscape features such as lakes or seashores that we wish to connect.
In order to give "width" and "length" formal definitions, we first introduce the concept of "agent". An agent is a circular region of a given diameter whose location is defined by its center-
point. An agent moves through a corridor C by beginning in p 0 , travelling on a continuous curve called a path through p 1 , p 2 , . . . , p ω−1 without intersecting ε(
ε(p ω )}, and ending in p ω . Note that the possible number of paths through a corridor is infinite.
The width of a path is the maximum diameter an agent can have and still follow the path. The length of a path is the distance the agent travels following the path.
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Article submitted to Operations Research; manuscript no. tbd In this study, we are interested in centered paths which we call routes. We assume the populations of interest are edge averse in that they typically travel through the interior of the corridor (Soule and Gilpin 1991). The route is a proxy for the average path that the population is likely to follow.
Note that the route may not necessarily be the shortest path ( Figure 4a ).
Given a corridor, we calculate the width and length of each route in a corridor to determine whether it is usable, and if it is, whether it is optimal for wildlife. A corridor with holes has many potential routes. For example, in Figure 4b , the corridor has two routes. Depending on the needs of the populations of interest, the best route through a corridor may be different. In Figure 4b , r 1 is the optimal route if we want a route of maximum width, but if we wish to minimize length, the optimal route is r 2 . For a given landscape, a corridor that contains the optimal route is called the optimal corridor.
Given a landscape Ω, and polygons p 0 and p ω , our objective is to find an optimal corridor that connects these polygons containing a route of maximum width or shortest length subject to a budget constraint.
Specifying Corridor Objectives and Constraints
The first step of the Optimal Corridor Construction Approach is to specify the corridor objectives and constraints (see Table 1 ). Given a landscape partitioned into parcels available for corridor use, a wildlife corridor is to be created by selecting parcels that will connect two areas of habitat (e.g., Figure 1 ). Often, not only must corridors be connected, but they must also be comprised of suitable habitat, meet budget requirements, and contain routes that are neither too narrow nor too long.
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An optimal corridor may be a corridor with the widest route or a corridor with the shortest route.
If the analyst chooses to maximize corridor width, a constraint with an upper bound on length may be added. Alternatively, if the analyst minimizes corridor length, a minimum width threshold can be specified.
Selecting Eligible Polygons for Corridor Construction
Once we have determined the characteristics of an optimal corridor, we create a set of eligible polygons. Typically in corridor selection MIPs, the corridor is one parcel wide. These corridors may be suboptimal if width is of concern. We allow the corridor to be multiple parcels wide by defining polygons, sets of one or more contiguous parcels. These potentially overlapping polygons are analogous to clusters in area restriction models, introduced by McDill et al. (2002) , and also used by Goycoolea et al. (2005) , Könnyű and Tóth (2013), and Tóth et al. (2013) . In these models, constraints ensure that overlapping and adjacent clusters cannot be selected, thus ensuring that contiguous areas selected for harvest do not exceed a predefined threshold. For wildlife corridors, using polygons rather than single parcels allows us to control geometric characteristics of corridors that are several parcels wide.
Theoretically, the number of possible combinations of contiguous parcels can be large and unwieldy. For large landscapes of thousands of parcels, there would be a combinatorial explosion in the number of potential polygons leading to computationally expensive, or even intractable, models. Thus, our approach requires that the set of eligible polygons is restricted based on the landscape and/or the computational resources at hand. For example, the set of eligible polygons may only include contiguous clusters of parcels whose total area is less than 50 hectares.
Find Valid Gate Pairs for Each Triplet of Polygons
The width and length of a corridor depends on the width and length of the route through each polygon in the corridor. In order to determine the width and length of a route through a polygon, we determine how the route travels through the polygon. We use gate pairs to specify where a route St John, Tóth, and Zabinsky: Optimizing the geometry of wildlife corridors in conservation reserve design
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Gate Finding Procedure
Let p i , p j be adjacent polygons. 1. Let E c be a set of contiguous edges in ε(
contiguous to the edges in E c .
2. For a given E c , let v 1 , v 2 be the endpoints of the contiguous edges in E c , and construct a pseudo-edgẽ
is not a gate.
3. Repeat steps 1 and 2 for all E c .
enters and exits the polygon. Valid gate pairs also depend on the previous and subsequent polygons in the corridor. For example, in Figure 5a , the width and length of an optimal route through corridor (p 2 , p 3 , p 4 ) is different than that of the optimal route through corridor (p 1 , p 3 , p 4 ). We let a triplet be a sequence of three non-overlapping polygons (p i , p j , p k ) such that p i and p j are adjacent and p j and p k are adjacent. Note that p i and p k may be the same polygon (for example, in Figure 4b , route r 1 crosses triplet (p 2 , p 1 , p 2 )). In Figure 5a , there are nine triplets with p 3 as the middle polygon:
Note the width and length of corridor (p i , p j , p k ) is equal to the width and length of its reversed
Given a triplet (p i , p j , p k ), a valid gate pair consists of two gates, an entering gate representing the transition from p i to p j and an exiting gate, representing the transition from p j to p k . We define G ij as the set of gates between p i and p j , where p i and p j are adjacent. Note that the set St John, Tóth, and Zabinsky: Optimizing the geometry of wildlife corridors in conservation reserve design Article submitted to Operations Research; manuscript no. tbd and e) gates and core polygon for (p1, p3, p2).
G ij has the same elements as the set G ji . We generate gates between p i and p j by constructing pseudo-edges that represent where a route may enter p j from p i . The midpoint of a gate serves as a transition point for a route moving from polygon p i to polygon p j . To find G ij , we introduce a gate finding procedure (see Table 2 ).
The gate finding procedure starts by identifying contiguous sets of shared edges between adjacent polygons p i and p j . For example, in Figure 5a , p 2 and p 3 share one set of contiguous edges and p 3 and p 4 share two sets of contiguous edges. For each set of contiguous edges, construct a pseudo-edgẽ e c ij that connects the endpoints of the contiguous edge set, where c indexes the contiguous edge sets. For example, in Figure 5b , the pseudo-edge between p 1 and p 3 isẽ is partially contained in p 2 ∪ p 3 , so we partition it into two gates, g and one gate from G jk that is also contained in p i ∪ p j ∪ p k . In Figure 5d , the gate pairs for triplet
3,4 )} and in Figure 5e , the gate pairs for triplet (p 1 , p 3 , p 2 )
Next, for every gate pair, we find the optimal route through its core polygon by embedding pathfinding techniques into a network optimization model.
For Each Triplet and Each of its Valid Gate Pairs, Find the Optimal Route and Associated Width and Length
Given a triplet (p i , p j , p k ) and one of its gate pairs, (g We define the core polygon,p ijk , as the polygon contained in p i ∪ p j ∪ p k where ε(p ijk ) includes all gates from all gate pairs in Φ ijk . In Figure 5d ,p 2,3,4 is indicated with crosshatching, as isp 1,3,2 in , throughp ijk . We proceed by using the following path planning technique (Demyen 2007) to determine the widths and lengths of route segments, which we then use to construct the optimal route via network optimization. Delaunay Triangulation that is formed with preexisting edges 1 . Given the vertices and edges in Figure 6c , the corresponding CDT is shown in Figure 6d . There are several algorithms for finding CDTs including Chew (1989 ) or Sloan (1993 .
Givenp ijk (Fig. 7a) , consider the CDT ofp ijk (Fig. 7b) . Notice some edges of the CDT may not be contained inp ijk ; they either lay outside the outer boundary ofp ijk or they are in a hole. Let CDT (p ijk ) be the set of all edges of the CDT ofp ijk that are internal top ijk (Fig. 7c) . We have now decomposedp ijk into triangles.
1 Aside from a trivial case, the Constrained Delauney Triangulation produces a unique triangulation. A case where there exist multiple triangulations is when four vertices form a perfect square that does not contain any other vertex.
In this example, there are two different triangulations that are valid CDTs. For more details, see Chapter 2 and Theorem 2.11 in Cheng et al. (2012) .
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Article submitted to Operations Research; manuscript no. tbd We calculate the width of the route from a to b, denoted by ψ ab using Demyen (2007) . This algorithm determines the width using: 1) the angle created by the triangle edge pair, 2) the lengths of a and b, and 3) whether the third edge of the triangle is in the boundary ofp ijk . Based on these triangle edge pair attributes, the algorithm determines whether the maximal width route from a to b is curved (such as the route from g m ij to 1 in Figure 8 ), then calculates the narrowest width of the route.
For wildlife corridors, knowing the exact route length through a triangle edge pair is not necessary. The route represents the estimated preferred path, and there is no guarantee that wildlife will follow it exactly. When the route through the triangle edge pairs curves, calculating route length requires integration and may be computationally expensive. Since an exact length is not a priority, a quickly calculated proxy will suffice. We use the distance between the midpoints of a and b, δ ab = mid(a) − mid(b) , as a linear approximation of route length. If the information on precise wildlife movement is available, such as movement among watering holes on the African savannah, the model can easily be modified to account for such information by replacing our linear approximation. throughp ijk , with a maximum length threshold, L max , we formulate a network optimization problem as (1) - (7).
Network Optimization for
subject to:
The objective (1) is to maximize Z (≥0), a number which cannot exceed the minimum edge pair width in the route, as enforced by constraint (2). Constraint (3) ensures the length of the optimal St John, Tóth, and Zabinsky: Optimizing the geometry of wildlife corridors in conservation reserve design
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Article submitted to Operations Research; manuscript no. tbd route does not exceed a limit, L max . Constraint (4) requires that the route starts at g m ij , whereas Constraint (5) requires that the route ends at g n jk . Constraint (6) is the network flow preservation constraint. Together, these constraints ensure a connected route. Lastly, Constraint (7) requires y ab to be binary. Note that this form is equivalent to a network flow problem, for which very efficient algorithms exist.
Alternatively, if the shortest route with a minimum width W min is sought, the model takes the form of a shortest path problem:
and Constraints (4) to (7) The objective (8) is to minimize route length. Since we are finding corridors with nonzero widths, it is reasonable to assume that there is a minimum width requirement, W min , which is enforced in Constraint (9). Alternatively, we can define y ab only for a, b : ψ ab ≥ W min . We use Constraints (4) through (6) to ensure a connected route. Even though the decision variables y ab are constrained to be binary in Constraint (7), there are efficient algorithms for the shortest path problem.
After solving the appropriate network optimization problem, we can use the optimal solution y * ab to calculate the width for the optimal route between the gate pairs, w to gate g n jk through polygonp ijk is included in the corridor and let the set of all gate pairs on the landscape Ω be Φ Ω . Let p 0 , p ω denote the polygons we wish to connect. Again, these polygons could represent lake-, or seashores or other landscape features. Recall that the landscape was originally partitioned into parcels Q, which we used to create polygons. For each parcel q, let Λ q be the set of polygons that contain q. Also let D be an upper bound on all widths w mn ijk . Let c j be the cost associated with including polygon p j in the corridor, and let B be the total budget. If our objective is to create a maximal width corridor with an upper bound on corridor length L max and a budget constraint, the network optimization problem is as follows:
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As in the model that finds maximum-width routes between gate pairs, the objective (10) here is to maximize corridor width, W (≥0), which is defined in Constraint (11). Corridor length is controlled by Constraint (12), while corridor connectivity is enforced by Constraints (13) through (15). Constraints (16)- (18) ensure that each parcel is in at most one polygon selected for the corridor. Lastly, Constraint (19) makes sure that the costs do not exceed the budget (B). If the shortest route with a minimum width threshold W min is sought, the model becomes:
and Constraints (13) to (20) Analogous to finding the minimum-length route between gate pairs, this model selects minimum length corridors by using an objective function (21) that minimizes the total length of the route.
Constraint (22) ensures that the corridor satisfies the minimum width requirement. The rest of the constraints ensure that the corridor is connected. To simplify inequality (22), we can define x mn ijk only for gate pairs satisfying the property w ijk ≥ W min . Due to the budget constraint (19) and Constraints (16) - (18), this optimization problem is equivalent to a shortest path resourceconstrained problem, which is known to be NP-hard.
Illustrative Example: Eldorado Dataset

Methods
To demonstrate the use of the OCCA, we consider a region of the Eldorado National Forest in California (Fig. 9a) . The test dataset was obtained from the Forest Management Optimization
Site, a landscape data repository housed by the University of New Bruncwick (FMOS 2014). The landscape is assumed to comprise parcels that are both suitable wildlife habitat and available for sale to be included in a wildlife corridor. The objective is to purchase a subset of the parcels in such a way so that core habitat patches (represented by dark polygons) are connected with a corridor of maximal width. The purchase price of each parcel is assumed to be proportional to their size and the available budget B is sufficient for buying only 15% of the total land area.
Due to computational limitations, it is impractical to consider every contiguous set of parcels as potential polygons. For this study, we limited the polygon set to all of the 1,282 individual parcels, plus 527 polygons that comprised multiple parcels not exceeding a combined area of 20 hectares.
The data included 5 polygons with holes. This resulted in a total of 1,814 polygons and 112,000 gate pairs. We used the optimization problem (1) through (7) to determine gate pair widths, and the model (10) through (20) to construct the corridor. To calculate corridor length, we introduced an accounting variable L tot and added the following constraint:
We first solved the Optimal Corridor Construction Problem without maximum length threshold ( Fig. 9(b) ). Then, a maximum corridor length restriction of 40 km was used leading to a solution depicted in Fig. 9(c) ).
Results
All of the experiments were run on a Dell Precision T7500 machine with Intel Xeon CPU, E5630@2.53Ghz (2 processors) with 4 GB of RAM and 64-bit Windows. All of the optimization problems were solved using CPLEX (2011) et al. (2016) . The case study showed that (1) the OCCA can select corridors of maximum width or minimum length, and (2) it can be incorporated as a new functionality in large harvest scheduling models.
Computational Experiments with Synthetic Landscapes
Application of mixed integer programs to large datasets, such as those of realistic landscapes, often results in computational issues. In particular, the number of units (parcels), average (vertex) degree or valency (the average number of adjacent parcels), and variation in unit area (parcel size)
have been shown to affect computational performance of spatially explicit forest harvest scheduling models cast as MIPs (McDill and Braze 2000 , Constantino et al. 2008 , Tóth et al. 2012 , Passolt et al. 2013 . In order to test our approach, we created hypothetical landscapes by varying the values of these three spatial attributes using a Vorronoi Tesselation-based landscape generator called rlandscape by Passolt et al. (2013) . Table 3 provides three levels for each characteristic to be used in generating landscapes, based on seven realistic landscapes in FMOS 2014 (St John et al. 2016) . Each value has a small margin around it for ease of landscape generation. The number of units in each case (200, 400 and 600 units) was smaller than that of an average realistic landscape (1,557 units). This specification ensured problem tractability, but is still within the range of the seven landscapes (71 to 5,881 units). Vertex degree ranged between 3.8 and 5.3, with an average of 4.3, while variation in unit size was between 62 and 139, with an average of 100. In this experiment, five landscapes for each combination of factor levels were generated, resulting in 3 3 * 5 = 135 landscapes.
Experimental Design
For each landscape, OCCA is run to determine the widest corridor connecting the bottom-leftmost unit to the top-right-most unit. For each landscape, the number of gate pairs and the total run Factor Level 1 Level 2 Level 3
Number of Units 200 ± 1 400 ± 1 600 ± 1 Degree 3.9 ± 0.1 4.8 ± 0.1 5.7 ± 0.1 Area Variation 56.0 ± 1.0 98.0 ± 1.0 140.0 ± 1.0 Table 3 Landscape factors and levels for the computational experiment.
time (in CPU seconds) are recorded. The total run time includes the time to determine multiunit polygons and gate pairs, to formulate and solve gate pair optimization problems, and to formulate and solve the final corridor optimization problem.
Experimental Results
For each landscape factor, the distribution of the number of gate pairs is shown in Figure 10 , and the distribution of the total run time is shown in Figure 11 . Each of the factors appears to be positively correlated with total run time. The p-values for the full factorial ANOVA are shown in Table 4 . Based on the ANOVA, the number of gate pairs is strongly related to computational time with a p-value less than 2.0 * 10 −16 . Figure 12 illustrates the relationship between the number of gate pairs and total run time aggregated across all factors. Since the number of gate pairs appears to have a positive linear correlation with computation time, we fit a linear model to the data. Figure 12 includes the fitted line,ŷ = −237.4 + 0.03789x, with adjusted R 2 = 0.9677, and Figure 13 shows the resulting residual and Q-Q plots.
Discussion
The ANOVA results indicate that number of units, vertex degree and variation of area are all positively correlated with total run time (4). The interaction of vertex degree and variation in area also impacts total run time, whereas the other pairwise interactions (number of units with vertex degree and number of units with variation in unit area) and the three-way interaction of all factors are not significant. Table 4 ANOVA p-values for the computational experiment.
Figure 10
Distribution of number of gate pairs for each factor.
Figure 11
Distribution of total run time for each factor.
Figure 12
Number of gate pairs versus total run time.
Figure 13
Residuals and Q-Q plots for the linear fit of number of gate pairs versus total run time.
The number of gate pairs in a problem tends to increase as each landscape factor increases (see Figure 10) . The relationship between the number of gate pairs and total run time appears to be roughly linear (Figure 12 ), particularly for smaller problems (less than 100,000 gate pairs).
Knowledge of this relationship can help users predict whether a problem may take a long time to solve, or even be intractable, based on the number of gate pairs.
In sum, the three landscape factors are statistically significant for computational performance.
In3 addition, it appears that run time is linearly related to the number of gate pairs, which is a very promising computational result.
Conclusions
There are many extensions and variations of the Optimal Corridor Construction Approach to explore. In this paper, we introduced the OCCA for controlling width and length of wildlife corri-Article submitted to Operations Research; manuscript no. tbd dors. However, the OCCA has the potential to control other geometric characteristics as well. For instance, if analysts want direct control over how straight the corridor must be, a metric for angle for each gate pairs can be calculated via the gate pair algorithm and included in the model. If a narrow or long path is desired, rather than a short or wide path, the objectives can be redefined accordingly.
For ease of presentation, we introduced the OCCA by constructing a corridor that connects two predetermined polygons. Rather than using the traditional graph interpretation of the landscape (see Figure 2) , our new graph (Figure 3 ) can be implemented with other connectivity models as well, such as Jafari and Hearne (2013) or Conrad et al. (2012) . In maximal covering problems, our approach can be used to create constraints and thus a solution where corridor width and length requirements must be met.
The OCCA can also be used in applications beyond wildlife corridors. In landscape management problems such as creating firebreaks for wildfires (Davis 1965 ) and emergency evacuation routes (Cova and Johnson 2003) , connectivity of selected areas is required and controlling the geometric aspects of the connected area is often important.
As a last caveat, computational tractability can be a concern when OCCA is applied to very large landscapes, as mentioned in Section 5.2, and demonstrated in Section 7.2. To improve tractability, the number of eligible polygons used for corridor construction may be restricted at a cost to optimality. For example, in Section 6, if we increased the area restriction from 20 ha to 30 ha, the number of gate pairs would explode from 112,000 to over 5.1 million. Careful polygon selection is clearly critical to maintaining some degree of computational tractability. Further study is necessary on how to choose eligible polygons in order to reduce losses in optimality.
